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Abstract. We introduce an estimation of distribution alganitithat co-evolves fitness
predictors in order to reduce the computationat obgvolution. Fitness predictors are
light objects which, given an evolving individu@kuristically approximate its true fit-
ness. The predictors are trained by their abibtgdrrectly differentiate between good
and bad solutions using reduced computation. Wéyagpevolution of fithess predic-
tors to symbolic regression and measure its imgagt. results show that a small com-
putational investment in co-evolving fitness prédiis greatly enhances both speed and
convergence of individual solutions while reducthg computational effort overall. Fi-
nally we apply fithess prediction to interactiveokuion of pen stroke drawings. These
results show that fitness prediction is extremdfgative at modeling user preference
while minimizing the sampling on the user to few®an ten prompts.

1 Introduction

Evolutionary computation is driven by the incregsttemand to solve complex problems which can-
not be solved directly or systematically using mfed methods. In many real-world applications,
measuring the fitness of an evolved individual ¢&@ncomputationally prohibitive, and is often the
overwhelming bottleneck of the entire computatiopraicess. We address this restraint by introducing
fast fithess estimators, which dynamically appraadientrue fithess of a candidate individual in oraer
maintain evolutionary progress while reducing numiifetrue (full) evaluations and necessary training
samples.

The proposed method is a coevolutionary form ofEatimation of Distribution Algorithm (EDA)
[17]. Traditionally EDAs generate new individuatgdlligently by learning properties of successful i
dividuals in previous generations [19]. Here, cofewng fitness predictors do not generate individua
nor model properties of successful individuals;¢heevolving fithess predictors are evolved toraate
the fitness landscape (including low and high séocations) and in particular distinguish between
good and bad individuals, using low-cost heuristics

Since little can be assumed about what makes amaecand low cost predictor for a particular prob-
lem (or it may change over time), fithess predistorust also be evolved, and are rewarded for their
predictive performance. The co-evolution of fitnpssdictors comes at a cost, but this cost is rtiae
made up for by the speedup introduced to the iddali population.

We demonstrate and quantify this advantage by appfftness predictor co-evolution to symbolic
regression. In symbolic regression, functional egpions are evolved in order to fit and identify
mathematical underpinnings of experimental datd. [({éry complex expressions require a large set of
training data in order to characterize all featwkthe phenomenon. Ordinarily, the fitness of eaxh
pression is measured by evaluating the error dt ehthese data points [1]. By applying a fitness-p
dictor, we drastically reduce the total numberrobeevaluations necessary.

Finally, we apply our co-evolved fitness predictdgorithm to interactive evolution of pen stroke
drawings. A major challenge in interactive evolatis extracting user preferences with minimal de-
mand on the user. We utilize co-evolved predictorthis domain to both permit uninterrupted individ
ual evolution and also to design future promptth®user. Fitness predictors hence become models of
the user’s preference which we exploit to intelitieg design the most informative probes on the .user



In the evolution of pen stroke drawings, we fingsttechnique to be highly effective at extracting
preference models from very limited human interactiUsing only pair-wise preference questions,
strategy and preference in pen stroke drawingesracted in fewer than ten user probes. Our esult
show that the optimal questions to probe the usedmot include drawings similar to the target draw
ing. Instead, the user models converge on trentleinser responses, thereby extrapolating stroefg p
erence for target drawings which the models aremnaetually trained to prefer.

2 Related Work

Co-evolution occurs when the fitness of an indialdis defined by another individual. More for-
mally, in a co-evolutionary process one individocah determine the relative ranking between tworothe
individuals (in the same or in a separate populatjd3,20]. Much research has been done on the use
and application of co-evolution to enhance probéedving [11,28,6,12,21,22,24,26], with the mainlgoa
of controlling co-evolutionary dynamics that oftesult in lack of progress or progress in unandisd
directions [4,25,27]. Here we use a specific forint@evolution which addresses many of these chal-
lenges [2,3].

The co-evolved fitness predictor algorithm is basedan estimation-exploration algorithm (EEA)
setup. Unlike classical co-evolution [13], an EE#usists of three components: A population of estima
tors, a population of exploratory solutions, anthiget hidden system. In this case the evolving ind
viduals comprise the exploratory population, thiee$s predictors are the estimation population.thed
true fitness landscape is the target hidden system.

Symbolic regression is used in this paper to detnatesthe application of co-evolved fithess predic-
tors. In symbolic regression, symbolic functiongbeessions are evolved in order to model trainiagd
by minimizing error [1,16]. We again make strong w$ previous research done in symbolic regression
by applying proven encodings and applications [33@3].

Dolin et al [7] apply co-evolution to symbolic regsion in order to enhance performance. In their re
search, populations of functions and sample pangsco-evolved competitively with each other. An
over-representative sample population is used aetktra attention is focused on data samplesgsf hi
error at higher computational cost. Our work taesgnificantly different approach to co-evolving f
ness samples. Instead of focusing on areas of, @eoco-evolve predictors which characterize thentr
ing data as a whole; we also aim to drasticallyucedthe necessary evaluations by using an under-
representative predictor sample.

In traditional interactive evolution, a human uisepresented with one or more candidate individuals
being evolved for selection. The human user diygqotirforms selection and favored individuals are se
lected for propagation of offspring into the neghgration [29, 30, 31].

A new area of research involves partial human aatigon. In these algorithms, the user provides con-
straints on the problem throughout evolution tormarthe search space [32]. In this paper, fitness p
dictors become models of user preference. In #ise, the goal is to obtain optimal user modelgdy
ing a more complex fitness predictor while at tame time accelerating the search for highly prélera
individuals.

3 Fitness Prediction

3.1 Designing a Fitness Predictor

In this section, we lay out the basic elements Gfrness predictor as well as how it is evolved and
used. The best predictor in the predictor poputatioused for all fithess calculations in the indial
population. Therefore, the choice of the predieiocoding is very important. There are many ways to
encode the fitness predictors. However, they matgtfg the following constraints.

= Predicted fithess of a candidate solution (possibtii bounds and confidence levels)
= Predict significantly faster than exact fitheskgktion (tunable accuracy vs. speed)
= Be robust enough to differentiate fitness (or ramdveen any pair of individuals



Though there are numerous encodings to chooseftyoamy predictor application, there are several
structures which naturally satisfy these conditighgew are listed below.

» Neural and Bayesian Networks
= Decision Trees

» Functional Expressions

» Training Data Subsets

Choosing a simpler encoding is best for most appbos. The simpler the predictor, the smaller the
predictor search space becomes, allowing the cheo to focus more attention to evolving individu
als rather than the fitness predictors. Since ptedi are co-evolved, simple encodings can adaibteto
convergence of the individual population to maimgaiogress.

A complex predictor can also be very useful, howe@omplex predictors, such as multi-layered
neural networks, can provide more accurate fitpesdictions in the long term. In the short run how-
ever, complex predictors will be inaccurate andyeggnerations of individuals can be poor.

3.2 Predictor Training

Fitness predictors must be co-evolved with thevilddial population to generate increasingly accurate
predictions. To facilitate learning in the predicpmpulation, a set of training data is maintaispdcifi-
cally for predictors. This training set is usedreasure the fitness of the predictors themselves.

The predictor training data has a well definedcttie. The predictor training set consists of cepie
individuals from the individual population and thebrresponding exactly measured (true) fitness. An
example predictor training set is shown in Table 1.

Table 1. Example Predictor Training Data.

Individual Exact Fitness

Copy of Individual 1 from generation 1 14.543

Copy of Individual 6 from generation 12 89.127
Copy of Individual 13 from generation 32 66.651
Copy of Individual 2 from generation 49 13.901

In order to populate the predictor training sethwigata, the exact fitness of a few select indivislua
must be calculated and stored periodically durimgeolution.

Care must be taken when choosing which individt@lstore in the predictor training set since exact
fithess measurement is expensive and the set sironflyiences the progress of the predictors. Ideor
to maximize predictor performance, a balance magobnd between the following conditions.

= Maximize fitness diversity and structural diversifyindividuals in the predictor training set
» Maintain a representative sample of the currenrtviddal population

» Address weaknesses in current predictors

= Maintain an over-determined set size

Satisfying the first condition promotes predictavkich can robustly predict the fitness of a wide
range of individuals. This is accomplished by cliwgsan individual which has the greatest statistica
variance from the currently stored individuals.

The second condition, maintaining a representatigridual sample, is important for predictor accu-
racy optimization. Using individuals which recenéyisted in the individual population allows thepr
dictors to focus more attention toward predictitigess of the future individual generations. Thigc-
complished by discarding old predictor trainingrikeand maintaining a constant sized training set.

The third condition is important to ensure predistmaintain their ability to distinguish between
good and bad individuals. This is accomplished sipgiindividuals which cause the most disagreement
among predictors' predictions.



Finally, the fourth condition ensures that the predt training set will contain enough items sottha
the predictor encoding cannot over-specialize. Biscification ensures an over-determined system,
where the predictor evolution progresses towardreernlly consistent solution, rather than solvipg-s
cial case scenarios. For example, the set musirgerlthan the number of nodes in a neural network
predictor, or larger than the number of data itewestraining data subset predictor.

3.3 Predictor Fitness

Since fitness predictors are being co-evolved, @isy have their own fitness. The predictor's ftne
indicates how accurately it predicts the true Bmef individuals stored in its training set. Sfieally,
the fitness is the mean absolute fithess predi@roor of the stored predictor training items diosmt in
the previous section.

Individuals can be evolved to maximize their présficfitness, or they can be evolved maximize their
worst-case or expected fithess according multipkdiptors. The use of several predictors, though
costly, provides a fitness distribution that canulsed to estimate fithess bounds when statistarai-c
dence levels are needed.

Trainers are also individuals, but their role i¢ ttomaximize fitness, but to improve the predistor
accuracy. A low-fitness individual may be more usdbr training a predictor to identify bad areds o
the fithess landscape. A particularly useful indal is one for which the current predictors disagn
their predictions; such an individual has captuanedeakness among the predictors. Evolving for dis-
agreement addresses the first and third criteréa @bove.

4  Co-evolving Fitness Predictors

4.1 Algorithm Overview

The algorithm presented in this paper evolves tapupations simultaneously: the individuals and
their fitness predictors. This section outlines lfasics needed to implement co-evolution utilizitg
ness predictors. Each iteration of our algorithntadled a cycle. In each cycle, both populatiore ar
evolved, and progress is made toward a final smuflhe basic program flow is outlined in Figure 1.

Add an individual to the Pre- ) N
dictor Training Set _—— =) Predictor Training
A

A4

I Evolve Generation of Fitness
I Predictors
|
Evolve Generation of
Individuals h Best Pre-
g 0

Fig. 1. General co-evolution of individuals and fitnessdictors algorithm. Two populatiol
are evolved at once. The best fitness predictasésl for all fitness evaluations in the individ-
ual population. Individuals are saved for predittaiming periodically.

Indicated by solid arrows in Figure 1, the maiogyam flow consists of evolving the individuals and
evolving fitness predictors. The best predictonfrthe fithess predictor population is used to esau
all fitness values in the individual population.eTthashed arrows indicate a periodic step that achdsv
individual to the predictor training set. The fregay that this step can be done is determined &y th
cost of measuring the exact fitness of an indiviidBance the main goal is to remove the cost ofsuea
ing the exact fitness, this step is done rarelyergfew hundred cycles. Alternatively, this steulc be
done after the individual and predictor populatibase reached a plateau for a certain number of gen
erations. In cases where exact fithess measureisientremely long, a measurement could always be
running in the background and added whenever dtlaila



5 Symbolic Regression

Symbolic Regression is usually done using genetignamming, where functional expressions are
evolved to fit experimental data. The ultimate gisalo identify the mathematical underpinnings of a
measured phenomenon.

For experiments in this paper, we represent funatiexpressions as a binary tree of primitive opera
tions [16] The operations can be unary operatiath @s abs(), exp(), and log(), or binary operation
such as add(), mult(), and div(). The types of afjens available are chosen differently for differex-
periments [1,7,9,8,14,16]. The terminal values lat#é consist of the function's input variables &mel
function's evolved constant values [10]. The nunmdfezonstant values available to the function is-ch
sen at runtime for each experiment as well.

The function training data consists of a list giuts and their respective outputs [8]. For the gxpe
ments in this paper, we generate training databypéing a specific target function at uniform ins.
We also take additional samples of the hidden tdtgection to form a validation set for convergence
testing of the final solution.

5.3 Fitness Measurement

The fitness of a symbolic function is directly itela to its error when evaluated on the experimental
data points. For experiments in this paper, dataptes are taken from a hidden target function and
stored as training data. The fitness for individualctions is then the negative mean absolute .error

Fitness( f (x)) = —%ilyi - £(x)|

Other fithess alternatives include the negativeokits error sum and negative standard error, or
maximum error. We use the mean absolute errorsitmeetric because it allows us to define a simple
training sample fitness predictor, which is desedliln the next section.

5.4 Sampling Predictor Encoding

In application to symbolic regression, we choodingss predictor which chooses a small subset of
the available training data, and measures the reanonly on the subset. Effectively, this typepoé-
dictor evolves a sample of the full training datatequately represent the hidden target function.
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Fig. 6 (a). Example of a high performing train- Fig. 6 (b). Example of a very poor training
ing subset fitness predictor. Samples (high-  subset fitness predictor. Samples (highlighted

lighted in red) are well spread, and identify ~ in red) are well spread, but do not identify any
unique features of the dat distinct features of the data.

How well this type of predictor actually prediciséss is determined by which training points i se
lects to represent the full training set. An exaengl good and bad predictors is shown in Figurei®-
ure 6 gives examples of good and bad training suitsess predictors. In these figures, the fudining
set is shown in blue dots, and the samples chosémelfitness predictor are highlighted in red sgaa

The good predictor has well distributed samplewdath identifies several minima and maxima re-
gions of the data. The poor predictor, on the otfzerd, has well distributed samples but does rest-id
tify any features of the data. Evolving individualsing the poor predictor is likely to generatecina
rate individuals such as F(x)=0.



6 Sampling Reduction Experiment

6.1 Compared Control Algorithms

The goal of this experiment is to compare the ptedico-evolution algorithm with conventional
symbolic regression algorithms. The co-evolvedets predictor algorithm predicts fithess by measur-
ing error on a subset of the training data. In emtional symbolic regression, fithess is measussagu
the full training set or random subsets of it. Histexperiment, we compare the co-evolved predaitor
gorithm with three conventional symbolic regresdiechniques which are listed in Table 2.

The full sampling algorithm uses the full set @iing data provided at runtime. Error is measured
on every data point in order to calculate the nagsurate fithness possible. The static random saatple
gorithm uses a uniform random sample of the trgimata for fithess calculation. The number of sam-
ples is identical to the size of the predictor'sigke. This sample is chosen at runtime, and used
throughout one run. In effect, the static subset static fithess predictor that is never trairigkewise,
no evaluations are invested in evolving the sulisit.simply a uniform random sample of the preadd
training data.

Table 2. Summary of the compared sampling algorithms.

Algorithm Sample Size Sample Selection

Co-Evolved Fitness Predictors 8 Evolved Subset

Static Random Sample 8 Random subset chosen aheun
Dynamic Random Sample 8 Changing random subset

Full Sample 200 Use all training data

In the dynamic random sampling algorithm, a sangbléhe training data is used, which is also the
same size of the fithess predictor's subset. Erigpte is not static however. Instead, the sampteris
tinuously randomized during evolution. Effectivethe dynamic random sample is a random fitness
predictor which is continuously changing, but moainy intelligent way.

6.2 Experimental Setup

This experiment thoroughly compares the four symh@gression programs described: Fitness Pre-
dictor Sampling, Full Sample, Static Random Sarmgue, Dynamic Random Sampling.

For each run, all parameters except those relatinige fithess calculation specific to each aldponit
are held constant. We use a population size of 8 2Bness predictors, Deterministic Crowding selec
tion, 0.1 mutation probability, and 0.5 crossovesiyability. The operator set is {+,—,*,/,exp,loggios}
and the terminals are the input value and one edatonstant.

The algorithms in Table 2 are tested on three wiffetarget functions of varying difficulty. Eaabst
is repeated 50 times, and the average fithessafdr min is recorded over time. The training dageis-
erated by sampling each target function uniformigroa given range. The target functions are ligted
Table 4. These functions are plotted in Figure Thair respective data ranges.

Table 4. Target hidden functions.

Target Function Training Data
F(X) =150 -x° x=[- 5:005:5|
F,(X) = & Bin@Rrk) x=[- 3:003:3

F, (%) =X @ +x+2@in§—x3) x=[-10:01:10]




The first function K{(x) is chosen as a simple example where all algmstshould do well. Since this
function has very few features, the random sangpleery effective representation of the trainingadat
So the best that the predictor algorithm can dw iso-evolve a fairly uniform distribution of saregl
The second function,f) is slightly more complex in that it has mulggbeaks and valleys. This allows
for much more intelligent predictors to be co-ewalywhich more accurately represent the data than t
uniform random algorithm. The third functiog(¥) is chosen as a complex function with multigled|
minima and maxima, but also has an additional potyial frequency noise term is added. This noise
term is expected to be very difficult to find.
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Fig. 7. Training data samples from the hidden targettfans experimented on. These hid-
den functions are listed in Table IV.

6.3 Comparison Results

The first function modeled is;(x). The mean MSE for this function over 50 runplistted against
the total number of function evaluations in Fig8re
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Fig. 8. Error results over evolutions for the four aljoms for F(x). The conventional algorithn
perform well, but the fitness predictor algorithongerges faster and with less deviation.

An example solution found during evolution is sholmglow. This solution is then simplified to show
that it is indeed equivalent to the hidden targecfion k(x).

fom (X) = (X—(X+sin(231954) [ x) [ x
=(x—-(x+05)[x)[x
= (x— x>+ 05x) x
= x> - x%+ 05x°
=15x* - x°



Figure 8 shows most of the algorithms converge dmotarget function very quickly. Even for this
simple target function, the co-evolved predictgoaithm is slightly faster than the static randdigoa
rithm which has the same data sample size. Thesdutiple program uses the most accurate fitness cal-
culation, and hence has the most stable and grgdogtess. Interestingly, the dynamic random sam-
pling algorithm performs very poorly. For this sil@garget function, the dynamic sample causes too
much noise in the evolution and test runs eithevewge or diverge rapidly.

This result shows that the fitness predictor atbami offers a small but significant speed up over th
other algorithms on average for simple data. Ttme$is predictor algorithm maintains a predictohvait
data subset stable enough for steady improvemérile eing dynamic enough to improve slightly over
a static random sample.

Figure 8 also shows standard deviation error bargdch algorithm over the evolution. For the 50
test runs, the fitness predictor algorithm hassiimallest standard deviation as well. Not only dibes
fithness predictor algorithm find solutions fastieis also considerably more reliable than the ptigo-
rithms

The second function modeled ig0¥. Again the mean MSE for this function over &petitions is
plotted against the total number of function evatues in Figure 9.

Fitness
Predictor|

Static
Random

—— Dynamic
Random

Full
Sample

Negative Mean MSE

0 20 40 60 80 100
Evaluations (Millions)

Fig. 9. Average error results over during evolution toe four algorithms finding #x). The fitnes:
predictor algorithm avoids local minima very effeety for this target function.

An example solution found during evolution is showetow. This solution is then simplified to show
that it is indeed equivalent to the hidden targecfion k(x).

fon(X) = sink®.28318)exp(log(exp(exp(logk))))))

= sini2m)@xp(log(expH))
= sinf2m)@xp(k])

Several interesting behaviors emerge for the diffealgorithms in Figure 9. For this slightly more
complex target function, the co-evolved predicigodathm performs roughly the same, the full and dy
namic algorithms lag far behind, and the statioaigm fails to find any convergence.

The full sample algorithm makes slow and steadymss, but gets severely bogged down by local
maxima solution at approximately 60 million evalaas. The two most frequent local maxima solutions
are shown below.

fmax'muml(x) =C EIn(ZITD() f Z(X) = e Bln(zn'D()

maxmum:
Note that the local maxima either do not include ¢éixponential amplitude, or do not take the abso-

lute value of x in the exponent. The full samplgoaithm tends to rapidly alternate between these tw
local maxima, and very rarely finds the absolutgogent.



The fitness predictor algorithm encounters theseeslmcal maxima but does not stagnate alternating
between them. We observe that the predictor sapgitgs tend to focus on one particular side ofythe
axis, with only a few points on the other onggf..{X) is encountered. This type of subset allows the
fmaximadX) individuals to survive multiple generationstieesd of alternating back t@fima{X). As a re-
sult, attention is strongly focused on the exponant the absolute value is much more likely to be
found. The behavior of the predictor's sample omtdescribed in more detail in the next section.

The standard deviation error bars once again shewithess predictor algorithm to be significantly
more reliable on average. Though the full sampderdhm starts with the smallest deviation, thehhig
error early on shows only that these solutiong@iably poor. This result shows that the fitnessdgc-
tor algorithm successfully avoids difficult localaxima by intelligently focusing on the exponeninsig
where the other algorithms are severely hindered.

The third function tested is;fx). Over 50 repetitions, the mean MSE is plottgdiast evaluations in
Figure 10.
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Fig. 10. Average error results over during evolution foe four algorithms finding #x). The con-
ventional algorithms fail to converge, or get statkocal minima.

An example solution found during evolution is sholmglow. This solution is then simplified to show
that it is indeed equivalent to the hidden targetfion k(x).

fon(X) = ((exp((logkR)+sin(x)))+8921.34)-8921.34)d-sin(((X{(x-8921.34) +

8921.34)[8921.34+%-8921.34)))+8921.34))/(8921.8921.34/8921.34))
=x% exp(sin(x)) - sin€ + 8921.34)/(1/2) %

=x exp(sin(x) +x - 2 sinC - pi/4)

=x% exp(sin(x)) +x + 2 sin(pi/4 )

Figure 10 shows an interesting local maxima obstéml this experiment. Both the fitness predictor
and full sample algorithms quickly converge to tleisal maximum at approximately 10 million evalua-
tions.

(X) - X2 @Sin(x) +X

1:ma\xmum

Note that this local maximum represents the gersdrape of the data and is only missing the high
frequency noise term. The full sample algorithmvarges to faximun{X), but makes no progress beyond
the general shape. As expected, this noise tewerysdifficult for all algorithms to find.

The fitness predictor algorithm is the only oneeatdl progress out of the local maxima to a conver-
gent solution for this experiment. We observe #ftgr finding the general shape, general shape- func
tions saturate the individual population. This emuthe fitness predictor population to focus aitbent
specifically on the remaining noise term.



These results indicate that the fithess predicigordhm is able to solve very complex target func-
tions once again by achieving more evolution ammypssing out of difficult local maxima. The co-
evolution of the fitness predictor data samplevedistronger focus on the high frequency noise term,
where the other algorithms do not.

The fitness predictor algorithm's standard devietsosmallest near the local maxima solution armd th
convergent solution. Between, the deviation ishglighigher due to different runs converging afelif
ent times. In contrast, the full sample algorithegibs with high deviation, and slowly narrows after
reaching the local maxima solution. This indicatks full sample can very reliably find the local
maxima approximation, but is extremely unlikelyjtonp to a convergent solution even with further
evolution.

6.4 Fitness Predictor Behavior

In the previous results section, several commegarding the fitness predictors data sample behav-
ior were made. Here we discuss in greater detail pi@dictors are able to focus evolutionary attamti
in order to progress out of local maxima solutions.observe the behavior of predictor data samples,
we plot the frequency of data points used immebjiatier convergence on the target functigtx}-in
Figure 11.
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Fig. 11. Training point utilization by subset fitness predrs modeling Kx). The pre-
dictor samples interesting regions of the datagusinconbination of easy to mod
points and difficult point:

An interesting observation made from Figure 11hat sample points do not focus entirely on peaks
and valleys of the data. High frequency data pangéswell distributed over the data set, howevemyma
lie along side the peaks and valleys.

We call this behavior the gentle guidance effecicivifitness predictors tend to exhibit. If all sdmp
points focus on the peaks and valleys of the dagagdata subset would represent the max error cstwo
case fitness estimate since it only includes tigh implitude data points. The effect of gentle mgd
supports the high fit individuals to survive bubsigly encourages alterations which offer improvetne
This prevents extinction of functions which are mitg certain regions very well, and also prevets
ternation between multiple local maxima solutions.

Fitness prediction forces the data subset to ao@t@iombination of data points which individuals ar
currently modeling very well as well as points whitiey are not. Effectively, this boosts evolutigna
attention on a small number of points which areb®ihg modeled well while keeping past progress.

8 Leading Research Comparison

In this section, we compare the co-evolved fitn@eslictor algorithm with recent symbolic regres-
sion technique publications. In each case we daiglithe experimental setup as closely as posgilble a
compare with the most competitive results.

In order to duplicate experiments, we modify owious control parameters such as population size,
operator set, terminal set, and selection methadatech the compared algorithm as closely as passibl
given details provided.

We compare the co-evolved predictor algorithm lmpging evolution based on the number of func-
tion evaluations the compared algorithm made dutiregexperiment. Since each compared algorithm



differs in fithess calculation, we assume that d@adividual's fithess is measured by evaluatingnithe
training set each generation. Likewise, we forae d¢b-evolved predictor algorithm to calculate fi#se
for every individual every generation also, eveough different selection algorithms do not reqitire

8.1 Compared Algorithms

We compare the co-evolved fithess predictor algoriwith four leading symbolic regression tech-
niques: Stepwise Adaptive Weights (SAW), Grammaid&d Genetic Programming (GGGP), Tree-
Adjunct Grammar Guided Genetic Programming (TAG2RY Co-evoltuion with Tractable Shared Fit-
ness [9, 14, 7]. Where possible, we compare withltest results provided by these algorithms and
match performance metrics as closely as possible.

8.2 Comparison Results

The comparison results for these algorithms arersarized in Table 6.
Table 6. Symbolic regression research comparison summary.

. . Co-Evolved Pre-
Algorithm Target Function Test Type Results dictor Results
PSAW FK) =x°— 28 +x Corilirr%ee”rfc ds 85.9% 93.9%

FX) = X6 — 2 + X2 Cor'i/irr‘;ee”ntc ds 81.8% 86.9%
Percent 92%, 64% 100%, 86%, 62%
5 ' , \ ) '
GGGP P2,P3, P4,P5 Convergencé$ 48%, 28% 52%
Percent
= *% 0, 0,
F(x) = cos(X) Convergencé 20% 76%
Percent 100%, 100%, 96%,| 100%, 86%, 62%
5 ) \ , ) ) '
TAG3P P2,P3,P4,P5 Convergencé$ 84% 52%
Percent
- *k 0, 0
F(X) = cos(X) Convergencé 36% 76%
—y2
Co-ev 1 — Maximum
- — 2
Tractable F (X) =—F—¢ Evaluations'" 3.384e7 2.107e7
Nam

*  P3, P4, P5 etc. refer to polynomialS#x®+x, X +x3+x2+x, XC+X*+x3+x2+X, ... )

**  The operator set does not include the cos() fiong a trigonometric identity must be found
T The percent of successful convergences from 29ues

™ The percent of successful convergences from 50ues

™ The maximum number of evaluations before convergéor 100 test runs

As shown in Table 6, the improvement provided yegolved fitness prediction in symbolic regres-
sion rises with the complexity of the problem. @me target functions such as the polynomialsepth
optimizations perform better. On more difficult pfems such as finding trigonometric or Gaussian
data, the co-evolved fitness prediction algorithffers significant improvement.

The original goal of the fithess prediction alglnit was not to provide a symbolic regression optimi-
zation technique, but rather develop a generalcgmpr reducing the computational cost of evolution.
An exciting realization is that co-evolution ofrfiéss predictors could be applied in tandem withatny
the compared techniques for even further enhandemen

10 Co-evolved Fitness Prediction in Interactive Evolution

In this section, we apply the fitness predictoroaltpm to interactive evolution of pen stroke draw-
ings. Since fitness has very weak meaning in tbisaln, we design the predictors to simply compare
two individuals and output which is more preferred.

10.1 Comparator Predictors and User Models

A simple comparator takes two individuals as inpuigl outputs three cases: better-than, equal, and
worse-than. When comparing individuals however,ane only interested in their better-than or worse-



than outcome. Therefore, the interface of the coispia predictor takes two individuals, and outputs
two confidence values for better-than and worsa.tiais structure is shown below in Figure 14.

Indi-
vidual 1 Better-than
Worse-than

Indi-

vidual 2

Fig. 14. The structure of a neural network comparator ptedigser model.

The comparator predictor effectively models the ptax subjective preferences of the user. Prompts
to the user in our experiments consist of two insaged asking which one is more preferred. These
prompts are then stored as predictor training data.

10.2 Evolving Pen Stroke Drawings

In this experiment we evolve drawings produced lgerdes of closed pen strokes. Each individual
encodes each coordinate drawn to on a 32 by 32 ipiegie. In our experiments we predefine the num-
ber of strokes for each drawing, but this couldlgé® evolved as well in future work. The searplace
for these types of drawings increases exponentiditly the number of pen strokes, (W*Hfor images
of width W, height H, and N pen strokes. The lasgarch space makes the discovery of preferable indi
viduals an excellent application for an evolutignalgorithm.

10.3 Evolution Setup

We use standard genetic programming to evolve iddals in this experiment with the exception that
all selection and fithess comparisons are perforasgag the trained comparator model ensemble. Indi-
viduals are not given explicit fithess values bt imstead ranked using the averaged comparatarpop
lation.

We use Deterministic Crowding for selection becaitise a natural fit for a pair-wise comparator.
The Deterministic Crowding method maintains popafatdiversity through child-parent elitism and
tends to follow multiple divergent pathways to fiveal solution [15]. This results in more variety i
user prompt selection and better generalizatiadh@tomparator fithess landscape.

10.4 Discovering Square Shape Preference

10.4.1 Square Drawings

The first experiment conducted tests the abilityalgforithm to identify and infer a user's preferenc
for "square-like" drawings from initially randommpeérawings. Each individual is encoded as a sefies
four pen strokes. In this experiment we make twsidalgorithm comparisons with random search and
local search techniques. These comparisons gawgeffiectively our algorithm reduces the interactive
cost with the user to discover the target drawing.

10.4.2 Random Search Comparison

To quantify the difficulty of this problem we calete the probability of finding a "square-like" dra
ing through random search. Note that the squatmiguely determined by two of its vertices. Given
that a "square-like" drawing can have any orieatatr size, and we allow the 3rd and 4th vertices t
have some noise of four pixels, the probability @xgected random individuals observed, T, to find
such a drawing is calculated below.
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10.4.3 Local Search Comparison

An alternative to interactive evolution is an isetive local search algorithm. In this techniqume t
user is given a random individual and asked to fime parameters individually. In pen stroke drawin
this corresponds to adjusting the x and y coordmat each pen stroke vertex to desired locatibinis.
technique can be viewed as very simplistic partisdractive evolution where the use effectively -con
strains each parameter individually.

The local search algorithm we compare with carhbeight of as a perfect algorithm for transforming
a random drawing into the target drawing. The useassumed to be an oracle that makes perfect
choices to optimally tweak parameters with the minin number of prompts.

Here we calculate a lower bound on the expectedoeuwf local adjustment steps necessary to shape
a random pen stroke drawing to a square shapellReata square is determined by two vertices. So
we begin by calculating the expected diagonal efsuare from two random points on the 32 by 32
pixel grid.

31 31
D D%
< i o by = 5700 2 _ 109212: 0
32 32

<d>=q<ax>2 +<py>2 =15
Next, the expected mean of these two points, ancatlom vertices is the center point of the grid
(x=15, y=15). This means that the two remainingnfsoiare expected to be at the center of the final
square. Hence, they must each move half a diagedal?. In the easiest case, these points move only
along an individual axis. In the worst case, theyvendiagonally, stepwise on the grid. The expected
number of steps per vertex is calculated below.

15
<steps>:iDZx+L\/152 —x2J=18
16 =0

Therefore, the lower bound on the total numberxpieeted local updates to the x and y coordinates
of the two remaining vertices is approximately B6te that this is a lower bound approximation am th
expected minimum number of user prompts requiredfperfect local search algorithm to form a pen
stroke drawing of a square at any orientation. Apeet user is required to identify a desired diagon
and then isolate the remaining vertices accordingly

10.4.4 Results

Figure 15 shows a standard run for a square drausingy the comparison predictor algorithm. The
user has a specific strategy to prefer shapespwaithllel sides and right angles consistent withuage.

The user's preferred drawing for each comparis@hmasvn in green, non-preferred drawings are shown
in red, and drawing deemed to be equivalent are/stio dark yellow.

First, notice that none of the comparisons showthiéouser involve a square. Based upon the several
non-square comparisons, the comparator model é&stakihfer that the user is likely to prefer a sgua
shape. If in fact the user was not knowingly seglsquares but giving feedback on some unknown
preference, the algorithm would predict and idgrtidx-like solutions they are likely to favor.

The algorithm successfully found a square in isttoee guesses after four user prompts, and ranked
a square as its top guess after six prompts. Ehasviast improvement over the random search whkich i
expected to require 4096 user interactions befadirfy an approximate square.



Square Pen Stroke Drawing Comparison
Prompt Comparison Resulting Top Three Guesses
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Fig. 15. The prompts given to the user and the re-
sulting top three guesses over six iterations. No
user prompts contain square shapes, but the algo-
rithm identifies a square after four prom

Figure 16 shows the comparison with the compan®sedictor algorithm with the perfect local search
and random search algorithms. The logarithmic ssladevs that the user comparator model makes sig-
nificant improvement over the perfectly performiongal search and vastly reduces the search cost ove
random search.
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10.5 Discovering Star Shape Preference

10.5.1 Star Drawings

In this experiment, the algorithm evolves drawimgth six pen strokes. Here we evaluate the algo-
rithm ability to identify a preference for star-plea drawings. In this experiment we make two bakic
gorithm comparisons with random search and loaaicbetechniques. These comparisons gauge how ef-
fectively our algorithm reduces the interactivetagih the user to discover the target drawing.

10.5.2 Random Search Comparison

To approximate the number of star shapes possilesplit the drawing space into six regions: a cen-
ter where no vertices can be, and fix surroundeggons for each vertex, all of equal area. Not¢ #éha
five point star is uniquely determined, by regionthis case, but three of its vertices. The prdigbi
and expected random individuals observed, T, @ dim approximate star shaped drawing is therefore:
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10.5.3 Local Search Comparison

As found earlier, the expected distance betweerrandom vertices on the 32 by 32 pixel grid is ap-
proximately 15. To simplify this calculation we nealn approximation that the expected locations of
the other three vertices lay at the center of the $he radius of this star with line length 1%easily



calculated to be approximately 8. The expected rurob steps, moving both in x and y is calculated

below.
8
<steps>:1D2x+L\/82 —x2J=9
9 x=0
Therefore, the lower bound on the total numbegxqfected local updates to the x and y coordinates

of the three remaining vertices is approximately@te that this is a lower bound approximatiorttua
expected minimum number of user prompts requiredfperfect local search algorithm to form a pen
stroke drawing of a square at any orientation. Apeet user is required to identify an optimal stayt
edge and then isolate the remaining vertices asuglyd

10.5.4 Results

Figure 17 shows a standard run to evolve an apmatei star shaped drawing. The user has a general
strategy when answering comparison prompts to pstfapes with multiple sharp pointed corners such
as a star shape has. The user's preferred drawireaéh comparison is shown in green, non-preferred
drawings are shown in red, and drawings deemee gmhivalent are shown in dark yellow.

Prompt Comparison Resulting Top Thres Guesses

I
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Fig. 17. The prompts given to the user and the
resulting top three guesses over severaitons

A star shaped preference is identified after five
user promis.
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Fig.18. The number of user prompts expected b
tween the compared algorithms to find the targa
shape.
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Notice in Figure 17 that a very well formed stadeyived as the top predicted shape after five user
prompts. No prior prompts required a star shapsteld the comparator model inferred the star shape
an optimum solution given the user responses fagaihapes with multiple sharp edges.

The next three prompts answered by the user am@rstmdemonstrate the comparator model is sta-
ble and continues to favor the consistent stardtkapes with further input. Therefore, the algonithas
likely converged on the star shape preference.

Figure 18 shows the comparison with the compansedictor algorithm with the perfect local search
and random search algorithms. The logarithmic ssltevs that the user comparator model makes sig-
nificant improvement over the perfectly performiogal search and vastly reduces the search cost ove
random search.



11 INFERRING A FITNES LANDSCAPE

11.1 Discovering Clock Drawing Preference

In this experiment we want to visualize the fitnkssdscape being learned by the comparator model.
To do this, we modify our pen stroke drawing indival to have only a single pen stroke originating
from the center of the drawing area. The searchesphthe individuals is now only a single coord&a
x and y. We can then display relative fitnessesafiopossible individuals in a 3D surface.

For this experiment, the single pen stroke encodirapnsidered to be a clock hour hand. The user is
then asked to prefer clocks drawn where the tinodoiser to some time of day that they prefer. Téeru
for the experiment chooses to prefer clock drawimnsre the hand points to either 3:00 or 7:00. &her
fore, this experiment has two equally favorablébglanaxima solutions.

11.2 The Fitness Landscape of a Comparator

To determine if the comparator accuracy learnsdiled solutions in this experiment we need some
way to calculate a fitness landscape from a conparaodel. Therefore, we need to define a fithess
calculation for a single individual using the bipaomparator.

For this experiment, the search space for all ctirekvings is the total number of pixels23Bor this
small search space, it is feasible to list all gesdrawings and compare them with a particulamdr
ing. We calculate an effective fithess by taking #Hverage confidence of better-than and worse-than
outcomes when compared with all possiblé @ack drawings.

Fitness = %ZZ Better (Ind(x, y)) —Worse(Ind (X, y))
32275
In this expression, Better() and Worse() are the ¢anfidence outputs of the comparison predictor.

11.3 Landscape Results

Figure 19 shows four fithness landscapes of the ematpr model over six user prompts. At zero
prompts, the fithness landscape is entirely flat.

0 Prompts 2 Prompl

=2 8A

Fig.19. The clock time fitness landscapes learned oveusex prompts. The final lasdape
yields very gradual peaks to the two optimal solui

Notice that the fithesses on the xz-plan resemblareh which peaks at approximately the clock hand
3:00 position. Correspondingly, the yz-plane fises exhibit the same phenomenon although slightly
less accurately near the 7:00 clock hand posifidis final resulting landscape shows the comparator
has inferred a very friendly fithess landscapether evolutionary search. Very gradual gradientstexi
near the target clock hand locations that shouldasdy descended.

It's interesting to note that the comparator laafdsecalso exhibits a few other medium fitness clock
hand areas such as near the 9:00 position. Thisvesakly favored region that the algorithm shows&o
probability for preference in.



12 Conclusion

In summary, we have introduced the use of co-elmiutf fithess predictors as a dynamic estimation
of distribution algorithm. We have developed a gaheo-evolutionary model for applying fitness pre-
diction to any genetic program in order to redureedomputation cost of evolution.

When applied to symbolic regression, this appraadbund to be extremely effective over standard
methods for both speeding up target function cayemeece and avoiding local maxima solutions. Co-
evolved fitness prediction not only acceleratesldianary progress, but does so more reliably with
smaller deviation.

Our comparisons with other symbolic regressionaegeshow that fithess prediction offers similar
improvement for simple target functions, and venprsy improvement for complex target functions.
Moreover, the co-evolution of fithess predictoraigeneral enhancement technique which could theo-
retically be combined with these techniques fomefugther improvement.

When applied to the interactive co-evolution ofrusmdels, the algorithm is found to be extremely
efficient at extracting preference models and tesylsolutions from very limited human interaction.
Using only pair-wise preference questions, stratagy preference in pen stroke drawings are exttacte
by the comparison predictors in fewer than ten pselbes.

In comparison to the perfect local search algorjtiuimere the user essentially draws their exact pref
erence explicitly, the interactive algorithm regsirroughly ten times fewer total user input. Furthe
more, the prompts to the user are presented in siogbler binary preference questions.

Finally, our results show that the optimal questitm probe the user for predictor training need not
include drawings similar to the target drawing.téasl, the user models converge on trends in the use
responses, thereby extrapolating strong preferimdarget drawings which the models are never-actu
ally trained to prefer.
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