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Abstract

This paper presents an intuitive, freechand sketching application for Computer Aided Design (CAD) that can
reconstruct a 3D object from a single, flat, freehand sketch. A pen is used to draw 2D sketches consisting of straight and
curved strokes connected at vertices. The sketches are processed by a reconstruction algorithm that uses the angular
distribution of the strokes and their connectivity to determine an orthogonal 3D axis system whose projection correlates
with the observed stroke orientations. The axis system is used to determine a plausible depth for each vertex. This
approach works well for drawings of objects whose edges predominantly conform to some overall orthogonal axis
system. A second, independent optimization procedure is then used to reconstruct each curved stroke in the original
sketch, assuming that the curve is planar. New strokes can be attached to the 3D object, or drawn directly onto the
object’s faces. An implementation of the reconstruction algorithm based on Levenberg—Marquardt optimization allows

objects with over 50 strokes to be reconstructed in interactive time.
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1. Introduction

Visual methods of communication are often the
simplest and most efficient way of conveying informa-
tion about the shape, composition and relationships of
an object’s components. Furthermore, visual informa-
tion often transcends the limitations imposed by spoken
or written languages and is necessary in engineering: a
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major portion of engineering information is conceived,
recorded and transmitted in a visual, nonverbal lan-
guage [1]. In spite of this, little work has been done to
create fast, intuitive sketch-based computer aided design
(CAD) interfaces for engineers and designers. Conven-
tional CAD user interfaces are typically cumbersome to
use and hamper creative flow.

Freehand sketching, the informal drawing of shapes
using freeform lines and curves, has remained one of the
most powerful and intuitive tools used at the conceptual
design stage. Sketches, in contrast to typical Computer
Aided Designs, can quickly and easily be created to
convey shape information. Simple paper-based sketch-
ing also has many drawbacks: the viewpoint is fixed and
cannot be changed in mid drawing; the sketch is passive
and cannot be directly simulated or analyzed using
computational engineering tools (e.g. structural analysis
or kinematic simulation); the sketch is tentative and if a
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Fig. 1. A user creating, rendering and rotating a shape with a
see through hole using the proposed system on a Tablet PC.

final, accurate model is desired, it must be recreated
from scratch. The ideal solution from a designer’s point
of view should combine both the speed and ease of
freehand sketching with the flexibility and analytical
abilities of CAD tools.

This paper presents an intuitive, pen-based sketching
tool that can reconstruct a 3D object from a single, flat,
freehand sketch without relying on a database of
existing models. As shown in Fig. 1, a user can make
an initial sketch, reconstruct it, and add detail using a
consistent sketching interface. The proposed system can
reconstruct sketches consisting of both straight lines and
planar curves. A series of optimization-based recon-
struction algorithms are used to achieve this goal. The
optimization algorithms run in interactive time on
complex sketches, providing a seamless interface for
the construction and refinement of 3D objects.

2. Previous work

Systems that use sketch-based input have been the
focus of much research. Stahovich et al. [2] demon-
strated a system that could interpret the causal
functionalities of a 2D mechanism depicted in a sketch,
and generate alternative designs. Davis [3] recently
showed a system that simulated rigid-body dynamics
of a sketched 2D mechanism. These systems are largely
2D.

Fig. 2 outlines the reconstruction of a 3D object from
a 2D sketch, in which any arbitrary set of depths {Z}
that are assigned to the vertices in the sketch constitutes
a 3D configuration whose projection will match the
given sketch exactly. In principle, each such assignment
yields a valid candidate 3D reconstruction. A consider-
able amount of research has focused on the reconstruc-
tion of polyhedral objects from straight-line sketches.
Line labeling approaches [4,5] classify each line as
convex, concave or occluding edge without explicitly

reconstructing 3D shapes. Several methods construct
relationships between the slope of sketch lines and the
gradients of the associated 3D faces in an attempt to
constrain the number of possible interpretations [6,7].

Other methods construct 3D objects incrementally by
attaching facets sketched by the user in 2D [8,9]. A
gesture-based system for interactively constructing 3D
rectilinear models was proposed by Zeleznik et al. [10].
Other approaches to the reconstruction problem require
the assumption that the 3D elements in a scene are
specified entirely by known primitives [11]. Though
restrictive, this allows the reconstructed scene to be
specified with a convenient solid geometry.

Optimization-based reconstruction determines the
depth assigned to the sketch vertices by optimizing a
target function. These methods are more general than
the approaches above and can be used to reconstruct
relatively complex 3D objects. Optimization-based
approaches characterize the relationship of a 2D sketch
to an underlying 3D object using systems of linear
equations for which the existence of solutions is a
sufficient criterion for reconstruction. Linear program-
ming optimization techniques may provide these solu-
tions [12,13]. Another approach is taken by Lipson and
Shpitlani [14]: 2D sketches are converted to line and
vertex graphs, which are analyzed for regularities such
as parallelism, perpendicularity and symmetry. Regula-
rities in the 2D sketch plane are then weighted according
to the probability that they correspond to 3D geome-
trical relationships, and summed to produce an overall
compliance function that estimates how well the 3D
construction conforms to the regularities in the 2D
sketch. Reconstruction proceeds by optimizing this
compliance function. There are also statistical ap-
proaches to optimization-based reconstruction [15,16].
The correlation between the 2D angles formed by lines
in the sketch plane and the angle between these lines in
3D space are learned from a large number of computer-
generated 3D shapes and the corresponding projections
of these shapes onto a viewing plane. These 2D-3D
geometric correlations are then used to determine the
most likely 3D shape corresponding to a set of 2D
angles, by optimizing over possible assignments of depth
values.

While flexible, optimization-based methods suffer
because the optimization surface itself may contain
many local minima that make it difficult to find the
global minimum, while the computational complexity of
the optimization process grows rapidly in the number of
vertices and lines in a sketch. In contrast to the number
of approaches for reconstructing polyhedral objects
specified by straight line sketches, there are relatively
few reconstruction algorithms that can be applied to
sketches of 3D objects with curves. The best-known such
work is the Teddy system proposed by Igarashi et al.
[17], which uses a sketch-based interface to specify the
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Fig. 2. A sketch provides only two of the coordinates (x, y) of object vertices. A 3D reconstruction must recover the unknown depth
coordinate z. In parallel projections, this degree of freedom is perpendicular to the sketch plane; there are an infinite number of
candidate objects—the problem is indeterminate. Each candidate object is represented by a unique set of Z coordinates, e.g. sets {Z},
{Z>} and {Z3}.

boundaries for reconstruction of a curved solid. This
system cannot be used to reconstruct polyhedral objects,
or objects that mix straight lines and curves.

The 3D sketching system proposed in this paper uses a
fast, optimization-based reconstruction algorithm that
chooses a plausible three-connected sketch vertex to
serve as a 3D axis origin based on the angular
distribution of the lines in a sketch, and reconstructs
the depths of the three vertices at the opposite ends of
the attached strokes. Depths are then assigned to the
other sketch vertices by propagation across the con-
nectivity graph given by the sketch. This approach
allows the reconstruction of 3D objects with a con-
nectivity graph whose edges conform to an underlying,
orthogonal axis system. Following reconstruction of the
sketch vertices, a second optimization procedure recon-
structs each curved stroke.

3. 3D sketching system

The sketching system attempts to create an experience
similar to drawing with pencil and paper. The applica-
tion was implemented using the Microsoft Tablet PC
API. An example session is shown in Fig. 2. The system
allows users to make an initial sketch by drawing strokes
using the pen, reconstruct it, and subsequently add new
strokes. Following the initial reconstruction, the sketch
can be rotated, rescaled or resized. Each stroke is treated
as an independent object, and can be erased or modified
by the user either pre- or post-reconstruction.

The user interface relies entirely on the pen. A session
begins with an initial sketch specified by a set of loosely
connected strokes in the sketch plane given by the
digitizer surface. Each potentially curved stroke is
assumed to be piecewise linear, and is represented
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internally by the location of its two endpoints and a
series of values specifying the location of each point
along the length of the stroke.

Each new stroke is split into smaller strokes if one or
more corners are detected using the methods proposed
by Shpitlani and Lipson [18]. Strokes may intersect in
the sketch plane, but these intersections are not taken to
represent intersections in 3D space; at this stage, strokes
may be joined only at the endpoints. The reconstruction
process is triggered by pressing on the pen’s barrel
button. As a first step toward reconstruction, all stroke
endpoints within a specified distance of one another are
connected using an approach given by Shpitlani and
Lipson [18]. The 2D sketch can now be interpreted as a
connectivity graph (or straight-line graph) representing
the 2D orthographic projection of a 3D object onto the
plane z =0, with vertices given by the connections
between strokes and edges specified by the straight line
connections between vertices.

The reconstruction process first determines the 3D
position of all sketch vertices, while all curved strokes
are treated as straight line connections between vertices,
after which all points along each curve are recon-
structed. The system then identifies circuits in the
connectivity graph and constructs triangulated faces
for each circuit. The reconstruction algorithms run in
interactive time, allowing for a fluid interaction with the
system. The reconstructed shape can be rotated and
resized by dragging using the pen.

Strokes can be added, deleted or partially erased at
any time. If a new stroke’s endpoint is near a
reconstructed 3D feature (vertex, stroke or face), its
position is automatically interpolated from the 3D
object. Strokes sketched directly onto a planar face are
automatically reconstructed by interpolating the posi-
tion of the stroke’s points from the face. A stroke
deletion or erasure will automatically cause removal of
any faces containing the stroke.

The reconstruction algorithm and the methods by
which subsequent strokes can be added to the sketch are
described in the following sections.

4. Sketch reconstruction

Since the (x, y) coordinates of each vertex are given in
the sketch, reconstructing a 3D object requires assigning
a z coordinate (also termed the depth value) to each
vertex, subject to constraints on the characteristics of the
resulting 3D object. It is assumed that the sketch vertices
are connected i.e. that a path can be constructed from
each vertex to every other vertex. It is further assumed
that none of the vertices or strokes in the sketch
completely obscures other elements of the same kind.
Though the reconstruction algorithm proposed in this
paper requires that at least one vertex be connected to

three strokes that represent projections of the 3D axis
system, the algorithm can also be adapted to reconstruct
an independent 3D axis system that is not directly
associated with any vertex in the sketch.

The algorithm is intended to reconstruct 3D objects
whose vertices can be connected by a spanning tree
consisting of straight lines aligned with one of 3
orthogonal axes. Sketches consisting of connected
planar curves can also be reconstructed, provided that
the underlying straight line connectivity graph satisfies
this requirement. Though these requirements are re-
strictive, this approach works well for drawings of
objects whose edges predominantly conform to some
overall orthogonal axis system, which includes a wide
range of engineering design drawings. Objects without
an underlying rectilinear frame cannot be reconstructed
using this method, but this approach can still be to
partially reconstruct the object before a more general
optimization-based approach [14] is used to complete
the reconstruction.

The reconstruction process proceeds as follows:

(1) The distribution of the 2D angles of all straight lines
connecting sketch vertices is tested for the presence
of three or more significant peaks. If these are found,
the sketch is considered to have one or more
underlying 3D axis systems, which are then identi-
fied.

(2) The identified 3D axis systems are reconstructed
from their 2D projections in the sketch plane and
used to reconstruct all sketch vertices.

(3) The points along each curved stroke in the original
sketch are reconstructed using a separate reconstruc-
tion procedure, under the assumption that each
stroke is planar.

(4) Connected circuits of approximately coplanar sketch
vertices are identified and used to generate the
object’s faces.

Once the 3D object has been reconstructed, the user can
rotate it, add additional strokes, or sketch directly onto
the object’s faces.

The reconstruction steps are described in more detail
below.

4.1. Identifying axis systems

Since orthogonality is the prevailing trend in most
engineering drawings, and the easiest to identify, a
statistical analysis of the direction of lines in the sketch
is performed to determine whether these are consistent
with the projections from an underlying orthogonal axis
system. The angular distribution graph (ADG) for a set
of lines is a discrete histogram of the 2D angles of the
lines relative to the sketch plane.
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The ADG is constructed by taking each angle to be
the mean of a Gaussian distribution with a fixed
variance to reduce sensitivity to noise. The resulting
sum of Gaussians is then sampled at 1° intervals to yield
the discrete ADG. A discrete, rather than continuous,
graph is used to facilitate correlation-based similarity
measures. Peaks in the ADG show the prevailing sketch
angles; the ADGs of most polyhedral 3D objects have
clear peaks. The reconstructed object’s axis system
should thus have a spatial orientation such that it
projects onto the sketch plane at angles corresponding
to maxima in the ADG. Fig. 3 shows a 2D sketch and
the ADG of the associated straight line sketch.

The local ADG of a vertex is the ADG of all lines
attached to the vertex. The first step in the reconstruc-

(a)

(c)

tion process is to select a vertex whose local ADG is
most similar to the ADG of a representative set of lines.
The similarity between any two discrete ADGs is
measured using linear correlation. The vertex whose
local ADG has the highest correlation with the ADG of
the representative set of lines is chosen to be the origin of
an axis system. The three lines attached to this vertex
represent the projection of the axes onto the sketch
plane.

The depth of each vertex is determined by the
projection of the connected lines onto the main axis
system. Given that the sketch graph is connected, it is
possible to construct a spanning tree that connects each
vertex to the axis origin. Depth values are then
propagated along this tree, beginning at the axis

Angle

Fig. 3. (a) A 2D sketch with a single distinct axis system, (b) its angular distribution graph (ADG). (c) The sketch with the identified
axis vertex circled in red, (d) the sketch’s minimum spanning tree (MST) rooted at the selected vertex.
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endpoints. The weight assigned to the 2D line direction
vector v, = [x,,y,] associated with line # is given by

max Ix"xa +ynya| (1)

vaetvivaws) \/x2 + p2/x2 4 2
where {vi,Vs,v3} is the set of 2D vectors that make up
the axis system.

A maximum weight spanning tree (MST) is used to
determine the propagation path from the main axis to
each vertex. The MST is the tree that connects all sketch
vertices such that the sum of the weights of all edges in
the tree is maximized. The MST constructed with the
weights given by Eq. (1) connects all of the vertices in the
sketch while avoiding those lines that are not highly
aligned with the main axes; using it to determine the
depth values of each vertex therefore minimizes the
propagation of reconstruction errors. The MST is
determined using Prim’s algorithm [19]. The algorithm
begins using only the main axis vertex and the projected
axes. The tree is then iteratively expanded by selecting
the connected line with the highest weight.

The representative ADG and MST for the sketch are
determined iteratively in order to minimize the effects of
atypical lines using the following algorithm:

(1) Select all lines

(2) Build the ADG of selected lines

(3) Select an axis vertex using the ADG and assign line
weights

(4) Generate the sketch MST and select the lines in the
MST

(5) If this selection differs from the previous selection,
goto step 2

It is assumed that a single MST can be constructed such
that all vertices are connected by strokes that are aligned
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with a single set of 3D axes. If this process does not
converge on a single MST after a several iterations, the
2D sketch cannot be reconstructed with the proposed
method. An example MST is shown in Fig. 3.

The class of sketches with two distinct axis systems
cannot be reconstructed in their entirety with the
proposed algorithm. Fig. 4(a) shows a sketch with two
axis systems. The sketch ADG shown in Fig. 4(b) has
five distinct peaks, as opposed to the three found in the
ADGs of sketches with a single axis system such as
Fig. 3. If the sketch was drawn using two or more
distinct axis systems, the MST construction process will
not converge.

4.2. Reconstructing vertex depths

The origin of the main axis system is assumed to have
a depth of zero. The depth component of the axis line
vectors must be determined in order to reconstruct the
main axis system. The x and y components of each axis
are given by the vectors {vi,v,,v3}. The unknown z
components zj, zp, and z3 are the values that minimize
an optimization function based on two assumptions
about an ideal sketch:

(1) Since the axis vectors are, ideally, perpendicular to
one another in 3D space, the angle between any two
axes should be 90° and the cosine of the angle should
be 0.

(2) If the length of each line in the sketch plane
corresponds to its length in 3D, the difference between
the ratio of the axis lengths in the sketch plane and the
ratio of their lengths in 3D space should be 0.

Note that the second assumption imposes restrictions on
the sketch viewpoint: viewpoints where the orthographic

G 60 120 180

(b) 0 Angle

Fig. 4. (a) A 2D sketch with two distinct axis systems and (b) its angular distribution graph (ADG).
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projection of the object onto the 2D sketch plane
produces axes with very different lengths will result in
reconstructed 3D axes with very different lengths.

The optimization goal is therefore to minimize the
following cost function f(zy, z, z3):

f(z1,22,23) = cos? 0y + cos? 03 + cos? b5
I3% Ips|\’
oo ()
Ipy [P
2
+<731—M> >
[pil
AN B AN A,
) () ()
[p;11p,| [p;11p,| [p11psl
P2\’ Ipsl\
+ow <,,2]_72> _,_(,,32_73)
[pil [P
|m|)2
+ (r =D, @
(“ Dl

where p;, p,, p; are the 3D axis vectors, 7, is the ratio of
the length of axis lines p,, and p, as measured in the
sketch plane, and 0, is the angle between p,, and p,,.
The weighting factor @ allows a tradeoff between the
angular and length constraints. Note that this function
has a global minimum at 0.

Since Eq. (2) can be explicitly differentiated, the
Levenberg-Marquardt method [20] can be used to
determine a solution for this nonlinear optimization
problem. This fast nonlinear optimization method is an
iterative variation of the Newton method for nonlinear
optimization and relies on computation of the Jacobian
matrix

of of of

- {521 > 8z 523]'
The partial derivative df/dz;, for example, is given by

of P P2 22 PP 21
L= -2 + —
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Once the values of zy, z,, and z3 have been determined,
the four vertices attached to the axis system are
considered to have been reconstructed. The MST can
then be used to determine the depths of all other sketch
vertices. The depth of any vertex attached to an already
reconstructed vertex by a line with direction vector p, =
[X4, V> 2n] in the MST is determined by first reconstruct-
ing the missing depth component of this vector, then

(©)

adding it to the depth value of the already reconstructed
endpoint. The unknown depth component z, is recon-
structed by first selecting the axis vector p, € {p;, P, P3}
that maximizes the 2D projection (x,x,+ ¥,V,)/

(VX2 + y2/x2 + »2), then choosing the value of z, that

minimizes the equation

2
_ XaXp + VaVn + ZaZn
VX tyitavg itz

®)

Note that this equation will reach a global minimum of 0
when the direction vector is coincident with a 2D axis
vector. This process begins at the axis origin, which has
depth 0, and proceeds first to the other vertices
connected to the attached axis lines, then throughout
the remainder of the MST.

Many alternative methods of constructing the 3D axis
system are possible within the formulation presented
above. For example, rather than select an axis vertex, an
alternative approach is to construct an independent,
unattached 3D axis system that will fit the peaks of the
ADG. This produces an orthogonal axis system except
in degenerate cases, but is more computationally
intensive than the ADG algorithm.

4.3. Reconstructing curved strokes

Sections 4.1 and 4.2 dealt with the reconstruction of
sketch vertices using a connected straight line graph
extracted from the original sketch. Those strokes in the
original sketch that cannot be represented by a straight
line must also be reconstructed. This is accomplished by
a second reconstruction algorithm that processes each
stroke independently. The (x, y) locations of every point
in a curved stroke are specified in the sketch; the depth
of each point in the curve must be determined by the
reconstruction process.

Though a stroke can specify an arbitrary path in three
dimensions, it is difficult to sketch an arbitrary,
unambiguous 3D path entirely by projection onto the
sketch plane. The stroke reconstruction algorithm
therefore relies on the underlying assumption that each
curved stroke is planar, though the parameters of the
planar equation are unknown. The goal of the curve
reconstruction process is to determine a plane onto
which the user might plausibly have drawn the stroke.
The depth of each point in the curved stroke is then
determined by projection onto the plane (Fig. 5).

The planar equation a(x — xo)+ b(y — yy) + c(z —
zo) =0 has 3 unknowns [a,b, c]T, which specify the
planar normal vector; these must be determined by the
reconstruction algorithm. Since the plane is constrained
by the requirement that it contain the line v passing
through both of the curve’s end points, it is possible to
determine the planar normal by optimization over a
single variable. An initial planar normal ny = [ay, by, co]T
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(a) (b)

=

Fig. 5. A 3D axis system with an attached curved stroke, and two possible stroke planes, indicated in light gray. Each projection plane
contains the line connecting the two curve endpoints (indicated by the vector). The depth value z, (where depth is defined into the
screen) for each point (x,, y,) along the curve are recovered by projection onto the underlying plane. The plane in (a) has the optimal
orientation as given by the solution to Eq. (10). The plane in (b) is an implausible plane, which will yield projected depth points well

outside the range specified by the two endpoints.

is constructed so that it is perpendicular to v. All other
allowable normals can then be constructed by rotating
the initial normal by an angle 0 around v to yield the
rotated normal ng = [ay, by, C(-)]TI

7] ag
bo = [A()] bO 5 (6)
Co (&)

where Ay is a 3 x 3 rotation matrix that specifies a
rotation of angle 0 around v. Following rotation
of the normal, the equation of the projection plane is
given by ag(x — x,) + bo(y — y,) + co(z — z4) = 0, where
(Xa» 4> Za) 18 the first stroke endpoint, which is located at
one of the reconstructed sketch vertices. The planar
equation can likewise be specified by ap(x — xp)+
bo(y — yp) + co(z — zp) = 0, where (xp,1p,2p) is the sec-
ond, similarly reconstructed stroke endpoint.

The optimization function relates the depth value for
a particular stroke point to the depths of the stroke’s
endpoints. The optimization function is based on the
assumption that the most likely stroke plane for most
simple planar curves is the one that causes the mean
depth of the stroke points to fall between the depths of
the stroke endpoints:

f(l’l) = (Zn - ha)z + (Zn - Zb)z- (7)

It can be shown that this function has a minimum when
z, = (zp + z,)/2; minimizing this function over the
collection of stroke points will produce mean projected
depths that are close to the midpoint of the range
between z;, and z,. Since z, is determined by projection
onto the plane with normal ny passing through the
stroke endpoints (x4, y,, z,) and (xp, v, z5), Eq. (7) may

be rewritten as a function of 0 and the stroke points
(xnsyn)

2
f(O.n) = (“e(x" - x“):; ol — “)) (®)
N (a@(xn — Xb);: bo(y, — yb))zl ©)

The optimization goal for a curved stroke with N points
is to find O, where

N
Oin = argmin ;f((i n). (10)

The normal of the optimal projection plane is given by
n(;mm .
In many sketches, the projection plane for curved
strokes is often related to the other sketch elements. In
particular, the normal of the projection plane is often
aligned with one of the sketch axes, or with one of the
other lines connecting the stroke endpoints. In practice,
the optimal projection plane normal is determined by
first searching over quantized values of 0 to determine a
set of normal vectors ng, each of which maximizes the
projection onto a single sketch line vector. The optimal
normal is chosen from this set as the one that minimizes
Zﬁ,vzlf(O, n). If the smallest value of ny:lf(O, n)
measured over this set exceeds a specified threshold,
Omin 1s determined by exhaustively searching over a set of
quantized angular values.

4.4. Constructing faces

The object’s constituent faces must be identified in
order to convert the set of 3D vertices and strokes
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generated by the reconstruction algorithms into a solid.
Several works (e.g. [21]) specify methods of identifying
faces in 2D sketches. These algorithms are computa-
tionally intensive and relatively complex to implement,
however. In this work, faces are identified by recursively
searching the connectivity graph of the reconstructed 3D
object for cycles of approximately coplanar lines using a
fast, greedy search algorithm.

Since each of the object’s faces are subtended by a
plane, the sketch faces are triangulated by projecting
each stroke’s points onto the underlying plane, assuming
that each descendant face is a hole. Holes are handled by
projecting the hole contour onto the underlying plane.
The resulting set of 2D contours are then triangulated
using a Delauney triangulator capable of handling holes
[22]. The resulting triangle mapping is then applied to
the 3D points making up each stroke. This approach
works well for faces comprised of approximately linear
strokes. For faces composed of four strokes, with curved
and straight lines appearing in alternate progression, the
triangulation is determined using ruled surfaces [23].
More advanced methods (e.g. Coons patches) must be
investigated to handle more complex cases.

5. Adding features

The endpoints of all new strokes that are added to the
sketch are classified as one of the following:

(1) overlapping an existing reconstructed vertex, in
which case this endpoint is linked to the vertex;

(2) lying on a stroke in the 3D object, in which case
depth information for the endpoint is determined by
interpolating along the 3D stroke;

(3) embedded within a face, in which case the endpoint’s
depth is determined by projection onto the face. A
cycle of strokes whose vertices are all embedded into
the same face are said to constitute a descendant
face. Faces are stored as a tree; the immediate
descendants of a face at the top level are treated as
holes.

If none of the above are true, the endpoint’s depth is
determined using a general but computationally inten-
sive reconstruction algorithm based on the work by
Lipson and Shpitlani [19]. The optimization cost
function is the sum of separate cost functions given by
the parallelism, isometry and orthogonality of the
resulting 3D shape:

SOy ¥i) = (1 = [V, Vi) |)
n (1 min(|v,,/, |Vn|)>

B max([V,,l, [Va])
+ ([ {Vims Vi) )5 (11)

where the vector v, = [x,,),,z,] is the vector given by
the difference between the endpoints of stroke n, (v,,, v,)
is the normalized inner product of v,, and v,, and |v,]| is
the vector magnitude. The optimization cost for a sketch
consisting of N strokes is given by fozl Zflvsz (Vs Vi)
A hill-climber [24] is used to minimize the total cost.

6. Results

The performance of the axis reconstruction algorithm,
and the effect of the length ratio weight w on the
reconstructed axis systems, were verified by generating
and reconstructing multiple random 2D axis systems.
The first axis vector was taken to be the 2D vector (0, 1).
The second axis was generated by rotating the vector
(0,1) by a random angle ¢, and setting its length to a
random factor r;. The third axis vector was generated by
rotating the second by a factor ¢, and randomly setting
its length to be r,. The values were chosen such that
0<¢, + ¢, <180° and 0.5<r,r<3. A successful re-
construction generated an assignment of depth values to
each axis such that the mean angle y,  between the
resulting angle satisfied 70 <y, ~<110. Fifty different
randomly generated axes were used to evaluate perfor-
mance for five different values of w ranging from 1 to 0.
The relative importance of length ratios in the optimiza-
tion function increases as @ increases.

Fig. 6 shows the mean angle between the recon-
structed axes (in degrees) and the mean ratio between
the longest and shortest reconstructed axes as a function
of the weighting term w, as well as the percentage of
random axes that were successfully reconstructed. The
percentage of successful reconstructions is encoura-
gingly high, though it drops as w increases; this is to
be expected since the length ratio criterion necessarily
limits the number of 3D axis systems that can be
successfully reconstructed from a given 2D axis. The
mean inter-axis angle u,, moves toward the ideal, value
of 90° as the effect of axis lengths are reduced, though
the mean length ratio p,,,,, increases, resulting in axis
lengths that vary considerably. This suggests that the
value of @ can be used to determine the elongation of the
reconstructed 3D shape.

The curved stroke reconstruction algorithm was tested
on several different symmetric and asymmetric curves
where the distance |z, — z,| between the depths of the
two stroke endpoints was varied from 0 to oco. The
algorithm generated plausible reconstructions for curved
strokes at different orientations drawn using the same
set of fixed endpoints. The reconstruction was most
plausible for small to moderate values of |z, — z,|, and
for strokes with a high degree of curvature, though this
is to some extent subjective for each user. The stroke
planes for strokes with little to no curvature were
difficult to determine, largely because the relative
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® 1 0.1 0.01 0.001 0
Yogiccess 80% 84% 96% 98% 96%
r 1O 86.98° 89.78° 89.69° 90.18° 90.18°
$2
b1 Hiength 1.25 1.24 1.32 1.58 2.09

Fig. 6. A 2D axis system composed of a single fixed axis and two randomly constructed axes with lengths r; and r, and relative
rotation angles ¢, and ¢,, respectively. The table shows the percentage of successfully reconstructed 3D axis systems, as well as the
mean inter-axis angle y,, and mean length ratio y,,, measured over the reconstruction of 50 randomly constructed 2D axes.

importance of the orientation of the projection plane
decreases as the stroke curves become less pronounced.
The reconstruction algorithm was not found to incur
significant computational overhead for angular incre-
ments of 0.05rad, and sketches containing up to 10
curved strokes. Since the error term is analytically
differentiable, fast optimization techniques may also be
employed to reduce computational overhead.

The curved stroke reconstruction algorithm exhibited
a strong dependence on viewpoint. In cases where |z, —
z,| was small, curved strokes were always reconstructed
using a projection plane that was nearly parallel to the
sketch plane. Furthermore, relatively small variations in
the shape of the sketched curve could result in very
different reconstructions. Finally, since the curve recon-
struction process occurs after the sketch vertices have
been reconstructed, the reconstructed vertices may
occupy slightly different positions in 3D space than
intended by the user, which affects the correspondence
of the 2D curve with the intended 3D curve. Further
study is required to establish the impact of these
considerations on the correspondence between the
reconstructed 3D curve and the intended 3D curve.

The reconstruction algorithm performed best on
sketches that exhibited strong orthogonal trends, and
whose strokes were highly correlated with the underlying
axis system, a class of sketches that includes the majority
of engineering diagrams. Because the computationally
intensive nonlinear optimization is used only to recon-
struct the main axis system, rather than depths of all
sketch vertices directly, the algorithm can process
sketches composed of 50 or more strokes in interactive
time on a Pentium 4 Tablet PC notebook computer.
An example demonstrating the reconstruction of
several sketches incorporating both straight and curved
strokes is given in Figs. 7 and 8. The example also
demonstrates the addition of holes to the 3D objects,
and the performance of the general reconstruction
process that optimizes Eq. (11). In all of these examples
o =0.01.

7. Conclusions and future work

This paper presented a pen-based sketching system for
progressively constructing 3D objects from single free-
hand sketches. Sketches representing the orthographic
projection of a 3D object onto a sketch plane are treated
as graphs consisting of vertices connected by the sketch
strokes. The reconstruction problem consists of assign-
ing a depth value to each vertex, and subsequently
reconstructing each curved stroke. This is accomplished
by a two stage reconstruction process. The first stage
tests a straight line sketch extracted from the original for
the presence of prevailing angular trends and uses these
to determine a 3D axis system that maps 2D lines onto
3D lines. This axis system is used in combination with
the sketch connectivity graph to assign a depth to each
vertex. The second stage reconstructs curved strokes,
under the assumption that they are planar. Following
reconstruction, the 3D object’s faces are identified and
triangulated. Users can then add additional strokes, and
sketch directly onto the object’s faces. The system is
implemented with a consistent pen-based interface that
mimics pencil and paper sketching, and can reconstruct
sketches of up to 50 strokes in interactive time.

Future work on the ADG reconstruction algorithm
will address the reconstruction of shapes that do not
exhibit pronounced angular trends, or that have strokes
with large deviations from the underlying axis system.
Future work on the curve reconstruction algorithm will
address the problem of jointly reconstructing multiple
curves in order to increase the symmetry of the 3D
object. Furthermore, examination of the optimization
surface for several curved strokes showed a plateau
around the global minimum, suggesting that there are a
range of possible stroke planes that might yield very
similar results. Adding a term that maximizes the
projection of the planar normal onto the sketch axis
system to the optimization function might differentiate
between these planes, and allow the overall angular
trends in the sketch to be incorporated into the curve
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Reconstruction time: 0.181 sec
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Fig. 7. (a) Symmetrical unreconstructed straight-line 2D sketches and the accompanying reconstructed 3D shapes from two
viewpoints. Reconstruction times are given for a Pentium 4M 1.7 Ghz Tablet PC.
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A

&

Reconstruction time: 0.120 sec

Reconstruction time: 0.250 sec

Fig. 8. Two sketches of shapes with mixed curved and straight lines, the underlying straight-line graphs used to reconstruct vertex

depths, the reconstructed objects, an alternate viewpoint.

reconstruction process. Finally, research on the construc-
tion of plausible 3D surfaces from object faces consisting
of multiple curved planar strokes is also required.
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